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ON HOMOGENEOUS CR MANIFOLDS
AND THEIR CR ALGEBRAS
ANDREA ALTOMANI AND COSTANTINO MEDORI
Abstract. In this paper we show some results on homogeneous CR
manifolds, proved by introducing their associated CR algebras. In par-
ticular, we give different notions of nondegeneracy (generalizing the
usual notion for the Levi form) which correspond to geometrical prop-
erties for the corresponding manifolds. We also give distinguished equi-
variant CR fibrations for homogeneous CR manifolds. In the second
part of the paper we apply these results to minimal orbits for the action
of a real form of a semisimple Lie group Gˆ on a flag manifold Gˆ/Q.
Introduction
The study of the automorphisms group of CR manifolds was pioneered
in 1932 by E´. Cartan, who investigated the holomorphic invariants of real
hypersufaces in C2. It was carried on for real hypersurfaces in Cn by Mo-
rimoto and Nagano (see [MoNa63]) and continued by Chern & Moser and
N.Tanaka in the seventies (see in particular [CM74] and [Tan76]).
In this context homogeneous CR manifolds are natural objects to con-
sider. Orbits for the action of a real Lie group of biolomorphisms of a com-
plex manifold provide large classes of examples. In particular, the orbits of
a real form G of a complex semisimple Lie group Gˆ in a flag manifold Gˆ/Q
have been investigated by Wolf [Wol69] and later by several other authors,
also in connection with representation theory (see for example [BKZ92],
[HW03]). Only one orbit of G in Gˆ/Q is compact. It has minimal dimen-
sion and is called minimal orbit.
In [Tan70] N.Tanaka associated to any (regular) CR manifold M with
non-degenerate Levi form a graded Lie algebra g and, by a generalization of
the theory of prolongation (in the sense of Sternberg), proved that the group
of CR automorphisms of M is a Lie group whose dimension is bounded by
dim g (see also [AS01]). Maximally homogeneous CRmanifolds were studied
by Nacinovich and the second author (see [MN97], [MN00] and [MN01]).
They are compact if and only if are minimal orbits, but not all minimal
orbits are maximally homogeneous. The notion of CR algebra and more
general conditions of nondegeneracy were introduced in [MN05], allowing
an in-depth study of the CR structure of minimal orbits (see [AMN05]).
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On the other hand, the study of compact homogeneous CR manifolds of
hypersurface type was carried on by Azad, Huckleberry & Richtofer [AHR85]
and, more recently, by Alekseevsky & Spiro (see [Spi00], [AS02] and [AS03]),
who classified all the simply connected ones.
In this paper we present some recent results on homogeneous CR mani-
folds obtained by Nacinovich and the authors by introducing CR algebras
(see [MN05, AMN05]).
In the first part (§1–4) we deal with general homogeneous CR manifolds.
After setting basic definitions and notation, we introduce the CR algebra
associated to a homogeneous CR manifold M (§2). This is a pair (g, q)
consisting of a real Lie algebra g and a subalgebra q of its complexification:
it gives an infinitesimal description of the CR structure of M .
Next (§3) we recall the definition of a CR manifold of finite type and
three different nondegeneracy conditions, to introduce analogous definitions
for CR algebras and state an equivalence result between the conditions on
CR manifolds and those on CR algebras.
In §4 we introduce the important notion of equivariant CR fibrations
for manifolds and algebras. In particular we describe the fundamental and
the weakly nondegenerate reductions of CR algebras. For (locally) homo-
geneous CR manifolds they correspond to local equivariant CR fibrations
that generalize the classical Levi foliation of Levi-flat CR manifolds.
The second part of the paper (§5–9) consists of applications of these tech-
niques to minimal orbits of a real semisimple Lie group G in a flag manifold
Gˆ/Q of its complexification.
The corresponding CR algebras (parabolic minimal) can be effectively
described in terms of the root system of gˆ with respect to a suitably chosen
Cartan subalgebra, and are classified by their cross marked Satake diagrams
(§6–7).
In the last two sections (§8–9) we describe equivariant CR fibrations of
minimal orbits with the aid of cross marked Satake diagram and show that
the fiber is still a minimal orbit, whose Satake diagram can be computed
from those of the base and the total space. Then we focus on the funda-
mental reduction.
1. Preliminaries on CR manifolds
An (abstract) almost CR manifold of type (n, k) is a triple (M,HM,J),
consisting of a paracompact smooth manifold M of real dimension (2n+ k),
a smooth subbundle HM of TM of even rank 2n (its holomorphic tangent
space) and a smooth partial complex structure J : HM → HM , J2 = −Id,
on the fibers of HM . The integer n ≥ 0 is the CR dimension and k is the
CR codimension of (M,HM,J).
Let T 1,0M and T 0,1M be the complex subbundles of the complexification
C⊗HM of HM , which correspond to the i- and (−i)-eigenspaces of J :
T 1,0M = {X − i J X
∣∣X ∈ HM} , T 0,1M = {X + i J X ∣∣X ∈ HM} .
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We say that (M,HM,J) is a CR manifold if the formal integrability con-
dition:
(1.1)
[
C∞(M,T 0,1M), C∞(M,T 0,1M)
]
⊂ C∞(M,T 0,1M)
holds (we get an equivalent condition by substituting T 1,0 for T 0,1 in (1.1)).
When k = 0, we have HM = TM and, via the Newlander-Nirenberg theo-
rem, we recover the definition of a complex manifold. A smooth real man-
ifold of real dimension k can always be considered as a totally real CR
manifold, i.e. a CR manifold of CR dimension 0 and CR codimension k.
Let (M1,HM1, J1), (M2,HM2, J2) be two abstract smooth CRmanifolds.
A smooth map f : M1 → M2, with differential f∗ : TM1 → TM2, is a CR
map if f∗(HM1) ⊂ HM2, and f∗(J1v) = J2f∗(v) for every v ∈ HM1. We say
that f is a CR diffeomorphism if f :M1 →M2 is a smooth diffeomorphism
and both f and f−1 are CR maps.
A CR function is a CR map f : M → C of a CR manifold (M,HM,J)
to C, endowed with the standard complex structure.
A CR embedding φ of an abstract CR manifold (M,HM,J) into a com-
plex manifoldX, with complex structure JX, is a CR map which is a smooth
embedding and satisfies φ∗(HpM) = φ∗(TpM) ∩ JX(φ∗(TpM)) for every
p ∈M .
If φ :M → X is a smooth embedding of a paracompact smooth manifold
M into a complex manifold X, for each point p ∈ M we can define HpM
to be the set of tangent vectors v ∈ TpM such that JXφ∗(v) ∈ φ∗(TpM).
For v ∈ HpM , let JMv be the unique tangent vector w ∈ HpM satisfying
φ∗(w) = JXφ∗(v). If the dimension of HpM is constant for p ∈ M , then
HM =
⋃
p∈MHpM and JM are smooth and define the unique CR structure
on M for which (M,HM,JM ) is a CR manifold and φ : M → X is a CR
embedding. In particular, this is the case when M is an orbit for the action
of a Lie group of biholomorphisms of X.
In the next sections, to shorten notation, we shall write simply M , or
Mn,k, for a CR manifold (M,HM,J) of type (n, k), when the CR structure
will be clear from the context. Moreover, we shall denote by Vˆ and φˆ the
complexification of a vector space V and a linear map φ, respectively.
2. The CR algebra associated to a homogeneous CR manifold
Let (M,HM,J) be a CR manifold, which is homogeneous for the action
of a real Lie group G of CR transformations, so that M = G/G+ for a
closed isotropy subgroup G+ of G. Set eG+ = o ∈M .
To M we can associate a CR algebra (g, q). This is a pair consisting of
the real Lie algebra g of the group G and of a complex subalgebra q of its
complexification gˆ. This subalgebra is the inverse image
(2.1) q = πˆ−1∗ (T
0,1
o M)
by the complexification πˆ∗ of the differential π∗ : g ≃ TeG → ToM of the
group action at e. The fact that q is a complex Lie subalgebra of gˆ is a
consequence of the formal integrability condition (1.1) for CR manifolds.
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The real Lie subalgebra g+ = g ∩ q is called isotropy and the subspace
H+ = (q+ q¯)∩g is called holomorphic tangent space (where the conjugation
is taken with respect to the real form g of gˆ).
Vice versa, let (g, q) be a CR algebra. Let G be a connected and simply
connected Lie group with Lie algebra g. Assume that the analytic subgroup
G+ ofG corresponding to the Lie subalgebra g+ = g∩q is closed inG. Then
the homogeneous space M = G/G+ is a smooth paracompact manifold and
has a unique CR structure such that :
• T 0,1o M = πˆ∗(q);
• G acts on M by CR diffeomorphisms.
We denote the CR manifold G/G+ by M˜(g, q).
Let (g, q) be a CR algebra of type (n, k). We call (g, q):
• totally real if q = gˆ+ = C ⊗R g+, i.e. if g+ = H+ or, equivalently,
the CR dimension n is 0;
• totally complex if q+ q = gˆ, i.e. if H+ = g, or, equivalently, the CR
codimension k is 0;
• transitive, or effective, if g+ does not contain any nonzero ideal of g.
If (g, q) is the CR algebra associated to a G-homogeneous CR manifold M ,
these notions express geometric properties of M (see [MN05]). In particu-
lar, effectiveness is equivalent to almost effectiveness of the G action (i.e.
discreteness of the ineffective subgroup).
We can always reduce to the case of an almost effective action ofG : at the
level of CR algebras, this corresponds to substituting to (g, q) its effective
quotient, which is the CR algebra (g/a, q/aˆ), where a is the maximal ideal
of g that is contained in g+, and aˆ its complexification in gˆ (see [MN05, §4]).
3. Finiteness and nondegeneracy conditions
We recall (see [MN05, §13]) that a CR manifold M is:
• of finite kind (or finite type) at p ∈M if the higher order commuta-
tors of C∞(M,HM), evaluated at p, span TpM ;
• holomorphically nondegenerate at p ∈ M if there is no germ of
nonzero holomorphic vector field X at p that is tangent to M at
all points of a neighborhood of p (see [BER99, §11.3]);
• weakly nondegenerate at p ∈M if for each Z¯ ∈ C∞(M,T 0,1M), with
Z¯|p 6= 0, there exist m ∈ N and Z1, . . . , Zm ∈ C
∞(M,T 1,0M) such
that:
[Z1, . . . , Zm, Z¯]|p = [Z1, [Z2, . . . , [Zm, Z¯] . . . ]]|p 6∈ T
1,0
p M + T
0,1
p M ;
• strictly nondegenerate (or Levi nondegenerate) at p ∈M if for each
Z¯ ∈ C∞(M,T 0,1M), with Z¯|p 6= 0, there exists Z
′ ∈ C∞(M,T 1,0M)
such that:
[Z ′, Z¯]|p 6∈ T
1,0
p M + T
0,1
p M .
We now give analogous conditions for a CR algebra. Let (g, q) be a CR
algebra of type (n, k). We say that (g, q) is:
• fundamental if H+ generates g as a Lie algebra; or, equivalently,
q+ q generates gˆ as a complex Lie algebra;
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• ideal nondegenerate, if there is no ideal a of g with a ⊂ H+ and
a 6⊂ g+;
• weakly nondegenerate, if there is no complex subalgebra q′ 6= q of gˆ
with q ⊂ q′ ⊂ q+ q ;
• strictly nondegenerate, if {X ∈ H+ | [X,H+] ⊂ H+} = g+.
Clearly we have the implications:
strictly nondegenerate ⇒ weakly nondegenerate ⇒ ideal nondegenerate.
Examples given in [MN05, §2] show that these conditions are not equivalent.
For effective CR algebras (g, q), ideal nondegenerate reduces to the state-
ment:
there are no nontrivial ideals of g contained in H+
and this condition is actually equivalent to effective and ideal nondegenerate.
The main motivation for considering ideal nondegenerate CR algebras is the
following (see [MN05, §9]):
Theorem 3.1. Let (g, q) be an ideal nondegenerate effective fundamental
CR algebra. Then g is finite dimensional. 
We have the following (see [MN05, §13]):
Theorem 3.2. Let (M,HM,J) be a CR manifold of type (n, k), homoge-
neous for the action of a Lie group G, and (g, q) be the corresponding CR
algebra. Then (M,HM,J) is of finite kind (resp. holomorphically, weakly,
strictly nondegenerate) at all p ∈ M if and only if the CR algebra (g, q) is
fundamental (resp. ideal, weakly, strictly nondegenerate). 
4. Equivariant fibrations and reductions
A morphism of CR algebras φ : (g, q) −→ (g′, q′) is a homomorphism
φ : g −→ g′ of real Lie algebras whose complexification φˆ satisfies φˆ(q) ⊂ q′;
it is a CR submersion if φ(g) + g′+ = g
′ and φˆ(q) + q′ ∩ q¯′ = q′.
A CRmap f :M1 →M2 is a CR fibration if it is a smooth submersion, i.e.
f∗(TM1) = TM2, and a CR submersion, i.e. f∗(HM1) = HM2. In particular
this is the case if q1 ⊂ q2 and f : M1 = M˜(g, q1) −→ M˜ (g, q2) = M2 is the
natural projection.
In this section we discuss morphisms of CR algebras of the special form
(4.1) Φq
′
q : (g, q) −→ (g, q
′) , for q ⊂ q′.
They have been called in [MN05] g-equivariant fibrations and describe at the
level of CR algebras the corresponding G-equivariant smooth CR fibrations
M˜(g, q) −→ M˜(g, q′).
TheCR algebra (g′′, q′′) = (g′+, q∩q¯
′) is called the fiber of the g-equivariant
fibration (4.1). It completely determines q′ ⊃ q by q′ = q+ gˆ′′.
The g-equivariant fibration Φq
′
q : (g, q)→ (g, q
′) will also be written as:
(4.2) (g, q) −−−−→(g′′,q′′)
(g, q′) ,
with (g, q) the total space, (g, q′) the base, and (g′′, q′′) the fiber of the fibra-
tion (4.2).
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Now we describe two important examples of equivariant CR fibrations
(see [MN05, §5]).
4.1. Reduction to fundamental CR algebras.
Proposition 4.1. Every CR algebra (g, q) admits a unique g-equivariant
CR fibration (4.2) with a totally real base and a fundamental fiber. 
We shall refer to the canonical g-equivariant fibration of Proposition 4.1
as the fundamental reduction of the CR algebra (g, q).
Let fˆ be the subalgebra of gˆ generated by q + q¯. Then the base of the
reduction is (g, fˆ) and the fiber is (g′′, q′′) = (g ∩ fˆ, q).
Note that if Φ : (g, q) → (g′, q′) is a CR submersion and (g, q) is funda-
mental, then also (g′, q′) is fundamental.
For general CR manifolds we have, by Frobenius Theorem:
Proposition 4.2. Let (M,HM,J) be a CR manifold. Let B ⊂ TM be
the subbundle generated by HM and its commutators. If the rank of B is
constant in a small neighborhood U of a point p ∈ M , then B generates a
smooth local foliation U =
⋃
Uα such that each leaf Uα is a CR manifold of
finite type and its CR dimension is the same as the CR dimension of M .
Furthermore, if M is locally G-homogeneous for a Lie group G of CR
transformations, then every Uα is locally homogeneous and the associated
CR algebra is (g′′, q′′). 
4.2. Reduction to weakly nondegenerate CR algebras.
Proposition 4.3. Every fundamental CR algebra (g, q) admits a unique
g-equivariant CR fibration (4.2) with a weakly nondegenerate fundamental
base and a totally complex fiber. 
We shall refer to the canonical g-equivariant fibration of Proposition 4.3
as the weakly nondegenerate reduction of the fundamental CR algebra (g, q).
When (g, q) is weakly degenerate, it was proved in [MN05] that there is a
CR-fibration M˜ (g, q) −→M ′ of the corresponding homogeneous CR mani-
fold M˜(g, q) on a CR manifold M ′ with the same CR codimension, having
a non trivial complex fiber. For homogeneous simply connected CR man-
ifolds, the condition of weak degeneracy is in fact necessary and sufficient
for the existence of CR fibrations with non trivial complex fibers. Indeed,
for general CR manifolds, the existence of a CR fibration with non trivial
complex fibers implies weak degeneracy, as we have :
Proposition 4.4. Let M and M ′ be CR manifolds. We assume that M ′
is locally embeddable and that there exists a CR fibration M
π
−→ M ′ with
totally complex fibers of positive dimension. Then M is weakly degenerate.
Proof. Let f be any smooth CR function defined on a neighborhood U ′ of
p′ ∈M ′. Then π∗f is a CR function in U = π−1(U ′), that is constant along
the fibers of π. Then, if L ∈ C∞(M,T 1,0M) is tangent to the fibers of π in U ,
we obtain that [Z¯1 , . . . , Z¯m, L] (π
∗f) = 0 for every choice of Z¯1, . . . , Z¯m ∈
C∞(M,T 0,1M). Assume by contradiction thatM is weakly nondegenerate at
some p with π|p = p
′. Then for some choice of Z¯1, . . . , Z¯m ∈ C
∞(M,T 0,1M)
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we would have vp = [Z¯1 , . . . , Z¯m, L] /∈ T
1,0
p M ⊕ T
0,1
p M . Since the fibers
of π are totally complex, π∗(vp) 6= 0. By the assumption that M
′ is locally
embeddable at p, the real parts of the (locally defined) CR functions give
local coordinates in M ′ and therefore there is a CR function f defined
on a neighborhood U ′ of p′ with vp(π
∗f) = π∗(vp)(f) 6= 0. This gives a
contradiction, proving our statement. 
4.3. The reduction diagram. Let (g, q) be a CR algebra. Let us denote
by f the Lie subalgebra of g generated by H+(g, q) and by q
′ the largest
subalgebra of gˆ such that q ⊂ q′ ⊂ q + q¯. Next we set g′′ = f ∩ q′ and
q′′ = q ∩ gˆ′′. Then the canonical fibrations discussed in this section can be
summarized in the diagram:
(4.3)
(g, q)y(f, q) −−−−→(g′′,q′′) (f, q′)
(g, fˆ)
where (g, fˆ) is totally real, (f, q) is fundamental, (g′′, q′′) is totally complex,
(f, q′) is fundamental and weakly nondegenerate.
5. Minimal orbits in flag manifolds
A complex flag manifold is a coset space X = Gˆ/Q, where Gˆ is a con-
nected complex semisimple Lie group andQ is parabolic in Gˆ. The manifold
X is a closed complex projective variety which only depends on the Lie al-
gebras gˆ of Gˆ and q of Q : this is a consequence of the fact that the center
of a connected and simply connected complex Lie group is contained in each
of its parabolic subgroups.
A real form of Gˆ is a real subgroup G of Gˆ whose Lie algebra g is a real
form of gˆ (i.e. gˆ = C⊗Rg). The real form g is the set of fixed points of an anti-
involution σ, called conjugation in gˆ : g = Fixgˆ(σ) = {X ∈ gˆ |σ(X) = X}.
A real form G acts on the complex flag manifold X by left multiplication,
and X decomposes into a disjoint union of G-orbits. In [Wol69] it is shown
that there are finitely many orbits including a unique one which is closed
(hence compact).
This orbit M has minimal dimension and is connected. We will refer to
M as the minimal orbit of G in X. In particular, the connected component
of the identity G◦ of G is transitive on M . Thus, while studyingM , we can
as well assume that G = G◦ is connected.
Moreover, up to conjugation, we can arrange that the closed orbit is
M = G · o, where o = eQ. We shall denote by G+ = G ∩Q the isotropy
subgroup of G at o and by g+ = g ∩ q its Lie algebra.
The closed orbit M has a natural G-homogeneous CR structure induced
by its embedding in the complex flag manifold X and the pair (g, q) is the
corresponding CR algebra.
6. Parabolic CR algebras
A CR algebra (g, q) is parabolic if g is finite dimensional and q is a para-
bolic subalgebra of gˆ. We have (see [AMN05, §5]):
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Lemma 6.1. A parabolic CR algebra (g, q) is effective if and only if g is
semisimple and no simple ideal of gˆ is contained in q ∩ q¯. 
and
Proposition 6.2. Let (g, q) be an effective parabolic CR algebra and let
g = g1 ⊕ · · · ⊕ gℓ be the decomposition of g into the direct sum of its simple
ideals. Then:
(1) q = q1 ⊕ · · · ⊕ qℓ where qj = q ∩ gˆj for j = 1, . . . , ℓ;
(2) for each j = 1, . . . , ℓ, (gj , qj) is an effective parabolic CR algebra;
(3) (g, q) is fundamental (resp. ideal, weakly, strictly nondegenerate) if
and only if for each j = 1, . . . , ℓ, the CR algebra (gj , qj) is funda-
mental (resp. ideal weakly, strictly nondegenerate). 
Thus in the following we can assume, with no loss of generality, that g is
simple and q is parabolic in gˆ.
To an effective parabolic CR algebra (g, q) we associate a CR manifold
M = M(g, q), unique modulo isomorphisms, defined as the orbit G · o in
Gˆ/Q, where:
• Gˆ is a connected and simply connected Lie group with Lie algebra
gˆ ;
• Q = N
Gˆ
(q), the normalizer of q in Gˆ, is the parabolic subgroup of
Gˆ with Lie algebra q ;
• G is the analytic real subgroup of Gˆ with Lie algebra g.
Note that for a parabolic (g, q) the universal covering M˜(g, q) of M(g, q)
admits a canonical CR structure, such that the covering map is a local CR
isomorphism. If g = g1 ⊕ · · · ⊕ gℓ is semisimple, then:
M(g, q) ≃M(g1, q1)× · · · ×M(gℓ, qℓ) ;
M˜(g, q) ≃ M˜(g1, q1)× · · · × M˜(gℓ, qℓ).
A real Lie subalgebra t of g is triangular if all linear maps adg(X) ∈ glR(g)
with X ∈ t can be simultaneously represented by triangular matrices in a
suitable basis of g. All maximal triangular subalgebras of g are conjugate
by inner automorphisms (cf. [Mos61, §5.4]). A real Lie subalgebra of g
containing a maximal triangular subalgebra of g is called a t-subalgebra.
An effective parabolic CR algebra (g, q) will be called minimal if g+ =
q ∩ g is a t-subalgebra of g.
We observe that a maximal triangular subalgebra of g contains a maximal
Abelian subalgebra of semisimple elements having real eigenvalues. Hence:
Proposition 6.3. If (g, q) is an effective parabolic minimal CR algebra,
then there exists a Cartan subalgebra h of g with maximal vector part con-
tained in q. 
A Cartan subalgebra with these properties is said to be adapted to (g, q).
The analytic Weyl group of g with respect to h is a subgroup of the Weyl
group naturally isomorphic to the quotient NInt(g)(h)/ZInt(g)(h). Here Z
denotes the centralizer, and Int(g) is the group of inner automorphisms of
g.
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Theorem 6.4. Let g be a semisimple real Lie algebra and q a parabolic sub-
algebra of its complexification gˆ. Then, up to isomorphisms of CR algebras,
there is a unique parabolic minimal CR algebra (g′, q′) with g′ isomorphic to
g and q′ isomorphic to q.
Proof. Fix a maximal triangular subalgebra t of g. Its complexification tˆ is
solvable, therefore is contained in a maximal solvable subalgebra, i.e. a Borel
subalgebra b of gˆ. Modulo an inner automorphism of gˆ, we can assume that
b ⊂ q. The CR algebra (g, q) is parabolic minimal.
Let q, q′ be parabolic subalgebras of gˆ such that g+ = q ∩ g and g
′
+ =
q′ ∩ g are t-subalgebras of g. By an inner automorphism of g, we can assume
that g+ and g
′
+ contain the same maximal triangular subalgebra t of g, hence
the same maximal Abelian subalgebra of g of semisimple elements having
real eigenvalues. Then, using another inner automorphism of g, we can
assume that q and q′ contain the same maximal vectorial Cartan subalgebra
h of g.
The inner automorphism of gˆ transforming q into q′ can now be taken to
be an element of the analytic Weyl group, leaving the Cartan subalgebra
h and hence g invariant. It defines a CR isomorphism between (g, q) and
(g, q′). 
Effective parabolic minimal CR algebras correspond to minimal orbits.
In fact we have :
Theorem 6.5. The CR manifold M(g, q) associated to an effective parabolic
subalgebra (g, q) is compact if and only if (g, q) is minimal.
Proof. Indeed, since G is a linear group, a G-homogeneous space G/G+ is
compact if and only ifG+ contains a maximal connected triangular subgroup
(see [Oni93, Part II, Ch.5, §1.1]), i.e. if g+ is a t-subalgebra of g. 
7. Cross marked Satake diagrams
We recall some facts about Satake diagrams and parabolic subgroups.
Let g be a real semisimple Lie algebra and h a Cartan subalgebra with
maximal vector part. Fix a Cartan decomposition g = k⊕ p such that
h = h+ ⊕ h− where h+ = h ∩ k and h− = h ∩ p
and set hR = (ih
+)⊕ h−.
The root system R = R(gˆ, hˆ) of gˆ with respect to hˆ is contained in h∗
R
,
the real dual of hR. The conjugation σ of gˆ induces an involution on h
∗
R
(that we still denote by σ), that preserves R.
A root α ∈ R is called real if α¯ = σ(α) = α, imaginary if α¯ = σ(α) = −α.
We shall denote by R• the set of imaginary roots in R.
For a Weyl chamber C, denote by R+(C) the set of positive roots. If C ′
is another Weyl chamber, let wC,C′ be the unique element of the Weyl group
sending C to C ′. We have (see [Ara62]):
Proposition 7.1. There exists a Weyl chamber C, unique modulo the action
of the analytic Weyl group, such that α¯ ≻ 0 for all α ∈ R+(C) \ R•. 
10 ANDREA ALTOMANI AND COSTANTINO MEDORI
This Weyl chamber determines a basis B = B(C) of R. The map
(7.1) ǫC = σ ◦ wC,C¯
is an involution of R that preserves C, and thus B. Moreover, for every root
α ∈ B \ R•, there are integers nα,β ≥ 0 such that
(7.2) α¯ = εC(α) +
∑
β∈B∩R•
nα,ββ .
The Satake diagram S of g is obtained by the Dynkin diagram of gˆ whose
nodes correspond to the roots in B by painting black those corresponding to
imaginary roots and joining by a curved arrow those corresponding to pairs
of distinct nonimaginary roots α, β with ǫC(α) = β.
There is a bijective correspondence between real semisimple Lie algebras
and Satake diagrams.
Let gˆ be a complex semisimple Lie algebra, hˆ any Cartan subalgebra, R
the root system, C a Weyl chamber, R+ and R− the corresponding sets of
positive and negative roots, B = {α1, . . . , αℓ} the corresponding basis.
Denote by gˆα the eigenspace in gˆ for the root α. If β =
∑
i niαi, ni ≥ 0,
define the support of β: supp(β) = {αi |ni > 0}.
Let Φ be a subset of B. The set Φˇr of those β ∈ R− for which supp(β) ∩
Φ = ∅ is a closed system of roots (i.e. β1, β2 ∈ Φˇ
r and β1 + β2 ∈ R ⇒
β1 + β2 ∈ Φˇ
r). Then
(7.3) qΦ = hˆ⊕
∑
β∈R+
gˆβ ⊕
∑
β∈Φˇr
gˆβ
is a parabolic subalgebra of gˆ, and every parabolic subalgebra of gˆ can be
described in this way. More precisely:
Proposition 7.2. Let gˆ be a complex semisimple Lie algebra and q a par-
abolic subalgebra. Then there exist a Cartan subalgebra hˆ, a Weyl chamber
C and a subset Φ ⊂ B such that q = qΦ. 
To a parabolic subalgebra qΦ we associate a cross-marked Dynkin dia-
gram, consisting of the Dynkin diagram of g with cross-marks on the nodes
corresponding to roots in Φ. The correspondence between isomorphism
classes of parabolic subalgebras and cross-marked Dynkin diagrams is bijec-
tive.
If (g, q) is an effective parabolic minimal CR algebra, these two construc-
tions are compatible, in the following sense (see [AMN05, §6]):
Theorem 7.3. Let (g, q) be an effective parabolic minimal CR algebra.
Then there exist a Cartan subalgebra h of g with maximal vector part, a
Weyl chamber C for R(gˆ, hˆ) and a subset Φ of B(C) such that q = qΦ.
Then to an effective parabolic minimal CR algebra we can associate a
cross-marked Satake diagrams (S ,Φ) where S is the Satake diagram of g
and q = qΦ; this correspondence is bijective, modulo isomorphisms.
We set up some notations that we will use in the following sections. If
q = qΦ, let Q = R
+ ∪ Φˇr, Qr = Φˇr ∪ (−Φˇr) and Qn = Q \ Qr. To the
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partition Q = Qr ∪Qn corresponds a direct sum decomposition q = qr⊕ qn,
where
qr = hˆ⊕
∑
β∈Qr
gˆβ and qn =
∑
β∈Qn
gˆβ
are the reductive and nilpotent part of q.
8. CR fibrations for parabolic minimal CR algebras
In this section we discuss morphisms of CR algebras of the special form
(g, q) → (g, q′), for q ⊂ q′. They have been called in [MN05] g-equivariant
fibrations and describe at the level of CR algebras the corresponding G-
equivariant smooth fibrations M(g, q)→M(g, q′).
We keep the notation of the previous sections. In particular, g is a semisim-
ple real Lie algebra, h a Cartan subalgebra of g with maximal vector part,
R = R(gˆ, hˆ), C a Weyl chamber adapted to the conjugation σ in h∗
R
induced
by the real form g of gˆ (as in Proposition 7.1), B = B(C) is the set of simple
roots in R+ = R+(C).
Let Ψ ⊂ Φ ⊂ B. Then qΦ ⊂ qΨ and the identity on g defines a natural
g-equivariant morphism of CR algebras :
(8.1) π : (g, qΦ)→ (g, qΨ) .
Its fiber is the CR algebra (g′, q′) where :
(8.2)
{
g′ = g ∩ qΨ = g ∩ q¯Ψ , gˆ
′ = qΨ ∩ q¯Ψ
q′ = qˆΦ ∩ gˆ
′ = qˆΦ ∩ qΨ ∩ q¯Ψ = qΦ ∩ q¯Ψ .
Denote by R′ and Q′ the sets of roots α ∈ R for which gˆα is contained in gˆ′
and qˆ′, respectively :
(8.3)
{
R′ = QΨ ∩ Q¯Ψ
Q′ = QΦ ∩ Q¯Ψ .
The CR algebra (g′, q′) in general is neither parabolic nor effective. How-
ever its effective quotient is parabolic minimal. Define :
(8.4)
{
R′′ = R′ ∩ (−R′) = QrΨ ∩ Q¯
r
Ψ
Q′′ = Q′ ∩R′′
and set :
(8.5)
{
gˆ′′ = hˆ⊕
⊕
α∈R′′ gˆ
α
q′′ = q′ ∩ gˆ′′
Then R′′ is σ-invariant, gˆ′′ = qrΨ ∩ q¯
r
Ψ is reductive and q
′′ is parabolic in gˆ′′.
Furthermore B′′ = B ∩R′′ is a basis of R′′.
Hence we obtain (see [AMN05, §7]):
Proposition 8.1. The CR algebra (g′′, q′′) is parabolic minimal. Its cross-
marked Satake diagram (S ′′,Φ′′) is the subdiagram of (S ,Φ) consisting of
the simple roots α such that either one of the following conditions holds :
(1) α ∈ R• \Ψ;
(2) α 6∈ R• and ({α} ∪ supp(α¯)) ∩Ψ = ∅.
The cross-marks are left on the nodes corresponding to roots in Φ∩B′′. 
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We say that a Satake diagram is σ-connected if either it is connected or
consists of two connected components, joined by curved arrows.
Theorem 8.2. Let (8.1) be a g-equivariant fibration. Then the effective
quotient of its fiber is the parabolic minimal CR algebra whose cross-marked
Satake diagram consists of the union of all σ-connected components of the di-
agram S ′′ described in Proposition 8.1, containing at least one cross-marked
node. 
Recall that a g-equivariant morphism of CR algebras (8.1) is a CR-
fibration if the quotient map qΦ/ (qΦ ∩ q¯Φ)→ qΨ/ (qΨ ∩ q¯Ψ) is onto.
The condition that (8.1) is a CR-fibration is equivalent to the fact that the
quotient map M(g, qΦ)→ M(g, qΨ) is a CR fibration with fiber M(g
′′, q′′).
This condition is always satisfied if (g, qΨ) is totally real, indeed in this case
qΨ/ (qΨ ∩ qΨ) = 0.
Example 8.3. Let g = su(1, 3) and let Φ = {α1, α2}, Ψ = {α1}. Then the
cross-marked Satake diagrams corresponding to the CR algebra (g, qΦ), the
basis (g, qΨ) and the corresponding effective fiber are given by:
◦ww ''• ◦
α1 α2 α3
× ×
−−−−→
•
×
◦ ww ''• ◦
α1 α2 α3
×
In the case Ψ = {α2} we have instead:
◦ww ''• ◦
α1 α2 α3
× ×
∼
−−−−→ ◦ ww ''• ◦
α1 α2 α3
×
The fiber is trivial and the map is a CR morphism, but not a CR iso-
morphism. The corresponding map M(g, qΦ) → M(g, qΨ) is an analytic
diffeomorphism and a CR map, but not a CR diffeomorphism.
9. The fundamental reduction for parabolic minimal CR
algebras
We give a criterion to read off the property of being fundamental from
the cross-marked Satake diagram :
Proposition 9.1. An effective parabolic minimal CR algebra (g, qΦ) is fun-
damental if and only if its corresponding cross-marked Satake diagram (S ,Φ)
has the property:
α ∈ Φ \ R• =⇒ ǫC(α) /∈ Φ .
Here ǫC is the involution in B(C) defined in (7.1).
Proof. Assume that α1 and α2 = ǫC(α1) both belong to Φ, and let Ψ =
{α1, α2}. Then Ψ ⊂ Φ and hence qΦ ⊂ qΨ. To show that (g, qΦ) is not
fundamental, it is sufficient to check that qΨ = qΨ. To this aim it suffices to
verify that QnΨ = Q
n
Ψ. Let B(C) = {α1, α2, . . . , αℓ}. Every root α ∈ Q
n
Ψ can
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be written in the form α =
∑ℓ
i=1 kiαi with k1 + k2 > 0. Since C is adapted
to the conjugation σ, using (7.2) we obtain :
α¯ =
ℓ∑
i=1
kiǫC(αi) +
∑
β∈B∩R•
kα,ββ =
ℓ∑
i=1
k′iαi,
with k′1 + k
′
2 = k2 + k1 > 0, showing that also α¯ ∈ Q
n
Ψ. This shows that the
condition is necessary.
Assume vice versa that there exists a proper parabolic subalgebra q′ of
gˆ with qΦ ⊂ q
′ = q ′. Then q′ = qΨ for some Ψ ⊂ Φ, Ψ 6= ∅. Since
Q
n
Ψ = Q
n
Ψ ⊂ R
+(C), we have Ψ ∩R• = ∅. Hence, again by (7.2), we obtain
that ǫC(α) ∈ Ψ for all α ∈ Ψ. 
From Propositions 9.1 and 8.1 we obtain :
Theorem 9.2. Let (g, qΦ) be an effective parabolic minimal CR algebra and
let (S ,Φ) be its corresponding cross-marked Satake diagram. Let
Ψ = {α ∈ Φ \ R• | ǫC(α) ∈ Φ}.
Then
(1) The diagram S ′ obtained from S by erasing all the nodes correspond-
ing to the roots in Ψ and the lines and arrows issued from them is
still a Satake diagram, corresponding to a semisimple real Lie algebra
g′.
(2) (g, qΨ) is a totally real effective parabolic minimal CR algebra.
(3) The natural map (g, qΦ)→ (g, qΨ), defined by the inclusion qΦ ⊂ qΨ,
is a g-equivariant CR fibration. The effective quotient of its fiber is
the fundamental parabolic minimal CR algebra (g′′, qΦ′), associated
to the cross-marked Satake diagram (S ′′,Φ′), where Φ′ = Φ \Ψ and
S ′′ is the union of the σ-connected components of S ′ that contain
some root of Φ′. 
Example 9.3. Let g ≃ su(2, 2) and let Φ = {α2, α3} (we refer to the dia-
gram below). We have ǫC(αi) = α4−i for i = 1, 2, 3 and hence Ψ = {α ∈
Φ | ǫC(α) ∈ Φ} = {α2}. In particular (g, q{α2,α3}) is not fundamental. We
obtain a g-equivariant CR fibration (g, q{α2,α3}) → (g, q{α2}) with funda-
mental fiber (g′, q′{α3}), with g
′ ≃ sl(2,C).
◦ww ''◦ ◦
α1 α2 α3
× ×
×
◦~~   ◦
α1 α3
−−−−−−−−−−−→ ◦ ww ''◦ ◦
α1 α2 α3
×
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